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We study the tunneling phenomenon of a ladder system with a Peierls distortion in a magnetic
flux, and the response of electrons the insulator is investigated when the tunneling current flows
on one-dimensional gapped chains along the external electric field. Without the magnetic field, the
ladder system is insulated by the charge density wave order. Then, by the increase of the magnetic
field, it becomes metallic with the disappearance of the distortion of the lattice. Finally, the gap
appears, and it becomes a insulator. At the metallic state, the topological transition also occurs.
To show this phenomenon, we consider the distortion by the phonon in the ladder model, and
calculate the distortion gap and the transition probability by using both Landau-Zener formula and
the instanton method. The transition to the metallic states will be applied to the current control
by the magnetic field.
PACS numbers:
I. INTRODUCTION
Researches of one-dimensional (1D) quantum systems
have been intensively done in condensed matter physics.
Interactions of electrons can be simply treated in 1D
systems with the various theoretical techniques1, and
the effective 1D systems have been realized in exper-
iments, e.g., carbon nanotube2, and organic molecules
(TMTSF)2PF
3,4. The Peierls transition refers the insta-
bility of the metallic states in 1D quantum wires5, and
these are described by the Su-Schrieffer-Heeger (SSH)
model6,7 in a simple way. In a half-filled band of the
1D chain, the dimerization occurs with the distortion of
the lattice, and the gap is introduced at the Fermi energy.
These materials become insulating due to the gap, and
the tunneling current is a one of the observation methods
to study states of the matter. In a recent study, the en-
hancement of transition probability has been shown by
taking into account the nonlinearity by the dispersion of
the lattice9. In a conventional way, the calculation of the
transition probability is done by using the Landau-Zener
(LZ) formula11–13. On the other hand, the nonlinearity
peculiar to the periodic lattice affects the transition ac-
tion, and this lattice effect becomes large when the tran-
sition probability is small. Usually the probability is very
small in insulating materials, and hence there is room for
further research into the lattice effect on the transition
phenomena in materials. In addition, recent experiments
have shown clear detection of the transition signal for
the metal-insulator transition15,16. In these systems, the
transition of the LZ problem occurs on 1D chains par-
allel to the electric field. Then, the clear detection of
the tunneling signal implies that the high density of the
1D chains in the material, and hence the hybridization
between the 1D wires is expected. By the hybridization,
the system is described by a two-leg ladder as a simple
model, and the magnetic field affects on the transition
dynamics of the electrons8.
In this paper, we consider spinless electrons in two cou-
pled SSH chains with a magnetic field. The Peierls states
exhibit a gapped insulator, and the magnetic flux pene-
trates the system unlike the Meissner effect of the super-
conductors. Then, the level repulsion by the distortion is
also expected by a magnetic field, similar to the Landau
level. However, we find that the distortion gap is reduced
by the magnetic flux. This means that the level attrac-
tion occurs by the magnetic field in the Peierls states. In
addition, the transition of the topological states occurs
with the disappearance of the distortion. In this case,
the gap ∆ disappears, and the velocity v also vanishes at
the transition point.
At the same time, according to the LZ formula, the
tunneling probability is given as ∼ e−pi∆2vF with the ex-
ternal force F . Therefore, in the vicinity of the tran-
sition point, the behavior of the tunneling is elusive by
the LZ formula, since the dispersion close to the Fermi
energy is not linear. The nonlinearity of the band struc-
ture becomes important, and the large lattice effect is
expected9,10 due to v = 0. Then, we study the transition
probability of the ladder system by using both of the LZ
formula and the instanton method of the Bloch states9.
Initially, when the magnetic field is absent, the ladder
SSH system is insulating by the Peierls distortion. By
increasing the magnetic flux, the system becomes metal-
lic with the disappearance of the distortion; namely the
transition probability becomes unity. Then, the system
becomes again insulating with the increase of the flux.
When the hybridization is large, it becomes strongly in-
sulating in the large flux region, while it is weakly insu-
lating for the small flux region since the distortion gap is
small for the large hybridization. We find that the calcu-
lation results by the two methods give similar behaviors
in the vicinity of the transition point, since ∆ rapidly
vanishes compared with v. The probability by the in-
stanton is larger than that of the LZ formula, and this is
prominent for the large flux region with large values of
w, since the lattice effect becomes strong with w.
Our findings will be applied to current control by
2the magnetic field, since the rapid change of the tran-
sition probability occurs in the vicinity of the transition
point. In addition, the Peierls distortion is related to
the charged gap states14, and the insulator-metal transi-
tion can be obtained by tuning the magnitude of the hy-
bridization between the two chains. One will obtain the
metallic states from the insulator by various approaches.
II. LADDER MODEL IN THE MAGNETIC
FIELD
We first consider a ladder system with a magnetic flux.
The Hamiltonian is given as
H0 =
t
2
∑
i,µ=A,B
(C†µ,i+1Cµ,ie
−isµφ + C†µ,i−1Cµ,ie
isµφ)
+w
∑
i,µ6=ν
C
†
µ,iCν,i. (1)
where the first term is the Hamiltonian of the 1D chain
labeled with µ = A,B (Fig. 1(a)) with sA(B) = 1(−1),
and t is the hopping integral. The second term represents
the interaction between the two chains with the strength
w, and the half-filled band is considered, i.e., the Fermi
energy EF = 0. φ is the magnetic flux penetrating the
ladder, and we consider φ ∈ [0, pi2 ] in this study, without
loss of generality. Ci(C
†
i ) is the annihilation (creation)
operator at site i. The non-interaction Hamiltonian (1)
is diagonalized by the unitary matrix
U
†
0H0U0 =
(
E+k 0
0 E−k
)
, (2)
U0 =

 w√2χ(χ+t sin k sinφ) w√2χ(χ−t sin k sinφ)
η+t sin k sinφ√
2χ(χ+t sin k sinφ)
−η+t sin k sinφ√
2χ(χ−t sin k sinφ)

 ,(3)
with χ =
√
w2 + t2 sin2 k sin2 φ. The energy dispersion
is given by E±k , with
E−k = Ek = t cos k cosφ− χ, (4)
and E+k = −Ek+pi . The degeneracy at E = 0 appears for
φ ≤ arccos w
t
≡ φ0 as shown in Fig. 1(b1), and the gap
is expected by the interaction at the degeneracy. On the
other hand, for φ > φ0, the system is gapped without the
interaction (b2).
In the present paper, we study the gap brought by
the interaction with the phonon at the degeneracy, i.e.,
the Peierls instability, when the degeneracy occurs. The
interaction Hamiltonian has the form
Hi =
1
2
t
∑
m,u,µ
(−1)u+1γµC†µ,2i+uCµ,2ie−isµφ +H.c.,(5)
where u = ±1, and γµ is the coupling strength between
electron and phonon coming from the lattice distortion.
The distortion between the two chains can be assumed
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FIG. 1: (a)Schematic illustration of the ladder system
threaded by the magnetic flux φ, when the distortion is ab-
sent. 1
2
t is the hopping integral, and w is the hybridiza-
tion between the two chains. (b1) (b2) Dispersion without
the coupling between the electron and phonons for w
t
= 0.4,
φ = 0.8φ0 (b1), and φ = 1.2φ0 (b2). The energy bands cross
E = 0 in (b1), while (b2) has the gap.
by the form ∼ cw∑µ6=ν,i(−1)iC†µiCνi with the distortion
strength c. However, in the present paper, we neglected
this interaction, since it mainly affects the level repul-
sion between the higher (lower) energy bands. This can
be seen by a unitary transformation of the Hamiltonian
(A6).
A. Lattice distortion by the electron-phonon
interaction
By the Hamiltonian H = H0 + Hi, we have the four
eigenvalues ±ξlk and ±ξllk , with ξl,ll > 0, and the free
energy per unit volume is expressed as
Fe(γA, γB) = − 1
N
∑
k
ξtk +
K
2
(γ2A + γ
2
B), (6)
where K is the elastic constant, and ξtk = ξ
l
k + ξ
ll
k ,
and N is the number of the unit cells. By the symme-
try of the Hamiltonian, we have relations Fe(γA, γB) =
Fe(−γA,−γB), and Fe(γA, γB) = Fe(γB , γA). Therefore,
γB = γA and γB = −γA are candidates for the saddle
point. By the calculation, we obtain the minimum en-
ergy for γB = −γA when φ is small. For the large φ, the
minimum energy appears at γB = γA. In Fig. 3(a), the
free energy with K = 0 is shown for φ
φ0
= 0, 0.45, 0.9 at
w = 0.7 by representing (γA, γB) = r(cos q, sin q). For
the small flux, the result is consistent with the earlier
study of the 2D Peierls instability with φ = 017. There-
fore, the change of the saddle point occurs by increase of
the flux. This change of the saddle point by the magnetic
field is seen by the effective gap. By assuming γ ≪ 1,
3the gap ∆(γA, γB) by the instability is given as (Eq. A9)
∆(γ, γ) =
γt sinφ√
w2 + t2 sin2 φ
, (7)
∆(γ,−γ) = γ
√
t2 cos2 φ− w2
cosφ
. (8)
We have ∆(γ,−γ) > ∆(γ, γ) for small values of φ, and
the energy gain is maximized for γB = −γA. On the
other hand, we have ∆(γ,−γ) < ∆(γ, γ) when the mag-
netic field is large, i.e.,
√
cos 2φ < w(< t cosφ). Then,
there is a problem if the configuration γA = γB is actually
realized.
To answer the question, we consider the e-ph interac-
tion,
He−ph =
∑
q,k
C
†
k+qGqCk +H.c., (9)
where Ck = (CA,k, CB,k) and Gq = diag(GA,q, GB,q) is
the magnitude of the interaction. In this case, the micro-
scopic Hamiltonian has the form, H = H0 +He−ph. As
shown previously, H0 is diagonalized by U0 (Eq. (3)), and
this transformation affects the interaction He−ph. By us-
ing U0, we express the electron operators as C˜k = U
†
0,kCk.
Then, we have
He−ph =
∑
q,k
C˜
†
k+qU
†
0,k+qGqU0,kC˜k +H.c.. (10)
Here, we extract the relevant interaction, i.e., q = pi,
He−ph ∼ C˜†k+piU †0,k+piGpiU0,kC˜k +H.c..
The offdiagonal elements (interband interaction) give the
relevant interaction according to the previous analysis,
and it has the form
He−ph ∼ (GA,pi −GB,pi)σx, (11)
with the Pauli matrix σx. Therefore, the magnitude of
the relevant e-ph interaction is given by the difference of
the respective interactions. Here, the magnitude of the
interaction is proportional to the distortion, i.e., Gµ,pi ∝
γµ, since Hi originates from the e-ph interaction. By
taking into account the free energy analysis, we conclude
that the configuration γA = γB does not appear by the e-
ph interaction, although the configuration γA = γB gives
a stable state of the free energy when the magnetic field is
strong. Therefore, we use γA = −γB = γ in the following
discussion.
By maximizing the energy gain with respect to γ, e.g.,
∂γFe = 0 and ∂
2
γFe > 0, we obtain the stable configura-
tion. In addition, when the degeneracy at E = 0 is lost,
we assume that the coupling vanishes, since the gap is
mediated by the scattering in the degeneracy. In other
words, when the gap is absent, the distortion should van-
ish; namely we have to have γ = 0 at t cosφ = w. Then,
a restriction on K appears by the curvature of the free
energy for γ = 0 at φ = φ0. To show this, we consider the
free energy for γ ≪ 1 by using the effective Hamiltonian
in k-space (appendix A),
h±k =
( ±E±k −γi∂kE±k
iγ∂kE
±
k ∓E±k
)
. (12)
Since the two Hamiltonians are symmetric, h−k = −h+k+pi,
we consider one of them hk ≡ h−k . The effective free
energy per one atom is given as
fe = − 1
N
∑
k
ξk +
K
2
γ2, (13)
with ξ =
√
E2k + γ
2(∂kEk)2. By ∂
2
γf |γ→0, the condition
reduces to
K > K0 ≡
∑
k
(∂kEk)
2
|Ek| . (14)
The calculation result of K0 is shown in Fig. 2, and we
use K > K0 in the following discussion, e.g., K ∼ 24t
in polyacetylene23. We note that the electronic states in
the vicinity of the Fermi energy cannot be described by
the Tomonaga-Luttinger model at the transition point,
since the curvature effects become important.
K
4
3
2
1
0.2 0.4 0.6 0.8w
K0
FIG. 2: Plot of K0 as a function of the hybridization w in
units of t. For K > K0, ∂
2
γF > 0 is satisfied at w = t cosφ.
Under the restriction, we show the distortion γ with re-
spect to the magnetic flux φ by the free energy(Fig. 3)(b).
The results are shown for w
t
= 0.4, 0.6, 0.8 at K =
1.2t. By increasing φ, γ becomes small, and vanishes
at φ0 = arccos
w
t
with 0 < φ < pi2 . For small w, γ de-
creases slowly for small values of φ, and rapidly changes
in the vicinity of φ0. Due to γ
2 ≪ 1, the band edge
k0 is approximately given by the condition Ek0 = 0,
i.e., cos k0 =
√
w2+t2 sin2 φ
t
. The effective gap is given
by Eq. (8).
B. Topological states of the ladder model
Here, we briefly mention topological states of the lad-
der model. The SSH model is a 1D topological material
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FIG. 3: (a) The free energy in units of t for K = 0 as a
function of the angle of the distortion q for φ
φ0
= 0, 0.45, 0.9,
at w = 0.7. The angle is given by (γA, γB) = r(cos q, sin q),
and we use r = 0. For q = 3pi
4
we have the saddle point of
the free energy i.e., Fe(γ,−γ) < Fe(γ, γ) for the small flux.
When the flux becomes large, we have the saddle point for
the configuration (γ, γ). (b)The distortion γ as a function of
the flux φ. γ decreases with φ and vanishes when cos φ = w
t
.
which has the BDI symmetry18. The ladder Hamiltonian
in k-space is written as
Hk = t cos k cosφσx − t sink sinφσxτz
−γt sink cosφσy − γt cosk sinφσyτz + wτx,
(15)
where σ and τ are the Pauli matrices for the sublattice
and ladder degrees of freedom. The above Hamiltonian
has the chiral symmetry, Hk = −σzτzHkσzτz. In addi-
tion, it also has a symmetry by C2 rotational transfor-
mation: Hk = τxH
t
−kτx. Therefore, the ladder system
belongs to the BDI symmetry class, and has a nontrivial
topological number, according to Ref. 21. In the present
model, when the distortion disappears, the Hamiltonian
is given as
Hk = t cos k cosφ− t sink sinφτz + wτx. (16)
Then, the system becomes trivial19,20, and therefore, the
topological transition occurs at t cosφ = w.
III. TRANSITION PROBABILITY
Having established the ladder model in the magnetic
field, we consider the transition probability using the
whole Hamiltonian
H0 +Hi + V (x), (17)
where the potential is proportional to the position oper-
ator, V (x) =
∑
i,µ=A,B xFC
†
µiCµi with the force F . To
this end, we calculate the transition probability based
on the instanton method of the Bloch states9. In this
model, by increasing the magnetic flux φ, the gap by
the distortion vanishes at φ0 = arccos
w
t
, and metallic
states appear. Then, the system becomes gapped again
by increasing φ; the hybridization w plays a roll of the
gap instead of the distortion. Therefore, we separately
consider the system with φ ≤ φ0 = arccos wt and φ > φ0.
A. Action for small magnetic field
For small magnetic field φ ≤ φ0, the lattice distortion
is present, and plays a role of the gap. To obtain the tran-
sition path of the instanton, we consider the wavenuber
on the 2D complex plane k → z = x + iy. The condi-
tion for the branch cut C is given by E2z=zc ≤ 0, which
reduces to
cos2[xi(y)] = sin
2 φ+
w2
v2
cos2 φ
sinh2 y + cos2 φ
, (18)
where we have the band edge xi(0) = k0 for y = 0. Since
the gap is small, we use the effective gap (8), and the
equation E2z +∆
2
0 = 0 gives the branch points y
±
0 as
y±0 = ±y0 = ±arcsinh
√
R2 +
√
R4 +
∆20 cos
2 φ
t2
(19)
with R =
√
w2+∆20−t
2 cos2 φ
2t2 . Then, the instanton action
is given as
iS = − 1
F
∫
C
dk ξz = − 2
F
∫ y0
0
dk ξy. (20)
In addition, by the k ·p approximation (the LZ formula),
the classical action is given as
iSk·p = −pi
2
t
F
γ2. (21)
Since the effective gap (8) is proportional to the veloc-
ity, the LZ formula of the ladder model does not have a
singularity at the transition point.
B. Large magnetic field
For large magnetic field φ > φ0, the gap by the lattice
distortion is absent. The energy dispersion is described
by the Hamiltonian H0 = diag(E
+
k , E
−
k ), and the transi-
tion occurs between the two states. In this case, the band
edge appears at k0 = 0, pi in the Brillouin zone. However,
the energy difference at these points E+k0 − E−k0 = 2w is
not the smallest gap; the energy difference between the
band edges on k = 0 and k = pi is the smallest, i.e.,
E+k=pi − E−k=0 = 2(w − t cosφ). We first consider the en-
ergy transition between E+pi and E
−
0 by the LZ problem of
the lattice. To describe this transition, we assume a scat-
tering between the two states with the energies E+k=pi and
E−k=0: Vk = ηφ
†
+,k+piφ−,k +H.c. with the eigenstate φ±,k
of H0. This gives the Hamiltonian H˜k = diag(ξ˜k − ξ˜k),
with ξ˜k =
√
E2k + η
2. By taking the limit η → 0, we
find that the instanton path is given by x = 0. Then, we
5obtain the instanton action
iS = − lim
η→0
1
F
∫
C
dk ξ˜k =
2
F
∫ y0
0
dyEiy
=
2t cosφ
F
√(w
t
)2
− cos2 φ
−2w
√
ρ2 + 1
F
∫ pi
2
λ0
dλ∂λG
(
λ,
√
1
ρ2 + 1
)
,(22)
G
(
λ,
√
1
ρ2 + 1
)
= F
(
λ,
√
1
ρ2 + 1
)
+ E
(
λ,
√
1
ρ2 + 1
)
,
(23)
where the functions F (a, b) and E(a, b) are the incom-
plete elliptic integral of the first and second kinds,
and y0 = arcsinh
√(
w
t
)2 − cos2 φ (see appendix B). By
the k · p approximation, we have Ek ∼ t cosφ − w −
t
(
cosφ+ t
w
sin2 φ
)
k2
2 (Eq. (4)), and the transition ac-
tion is given as
iSk·p = − 4
3F
√
2(w − t cosφ)3
t
(
cosφ+ t
w
sin2 φ
) . (24)
The above action is different from that of the LZ formula.
We note that the tunneling probability by the energy
difference E+0(pi) − E−0(pi) is smaller than the probability
by the above results for φ < pi2 (see appendix C).
C. Calculation results of the tunneling current
By using the instanton action in the previous section,
we calculate the transition probability
P = eiS . (25)
The calculation results of the tunneling probability are
shown in Figs. 4(a),(b1),(b2), for the small and large hy-
bridization w = 0.2(a) and w = 0.8(b1)(b2). The magni-
tude of the probability is shown in the left vertical axis.
The solid curve shows the probability by the instanton
action (Eqs. (20)(22)). The probability by the approxi-
mated action (Eqs. (21)(24)) is expressed as Pk·p = e
iSk·p ,
and is shown by the gray curve. The ratio P
Pk·p
is shown
by the dotted curve with the magnitude on the right ver-
tical axis. As the action shows, the probability P in-
creases with φ in the small φ region, and at the transition
point φ = φ0 we have P = 1 due to the disappearance of
the distortion γ and w − t cosφ = 0. Then, in the large
φ region, P becomes small with the increase of φ, due to
the increase of the energy difference ∝ w − t cosφ.
For the small w (Fig 4(a)), the calculation result of
the instanton is well described by the approximated ac-
tion. By varying the flux, initially the change of the
transition is moderate, since the dependence of γ on φ is
small for small values of w. The difference between the
two calculation results by the instanton and k.p methods
originates from the nonlinearity of the energy dispersion
by the periodic nature of the lattice. This lattice effect
is enhanced by increasing w or φ, since the velocity is
∝
√
t2 cos2 φ−w2
cosφ . Then, the difference is small when the
two parameters are small, and increase by varying φ. For
the large hybridization, in the small φ region, the differ-
ence is also small (b1), since the lattice effect emerges
when the probability becomes small9. For the large φ
(b2), we obtain the large difference between the two re-
sults as shown in (b2). These reflect the enhancement of
the nonlinearity by the large values of w and φ, and the
probability becomes small by it. Consequently, in this
study, the transition probability is well described by the
approximated results in a qualitative manner.
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FIG. 4: Transition probabilities by the instanton calculation
P and approximation methods Pk·p in a log scale at F = 0.01,
for w = 0.2(a) and w = 0.8(b1)(b2). The solid curve shows
the probability by the instanton method, and the gray curve
shows the probability by the approximation. Their magnitude
is shown on the left vertical axis. The dotted curve is express
the ratio of the two probability, and the magnitude is shown
on the left vertical axis.
IV. SUMMARY AND DISCUSSION
In our study, we consider the tunneling phenomenon of
a ladder system with the Peierls distortion in a magnetic
6field. To describe the system, we consider two 1D chains
with the interaction, and we calculate the free energy to
obtain the distortion gap. Then, the transition probabil-
ity is calculated according to the instanton method in the
lattice9. In the small flux region, the system has topo-
logically nontrivial edge states. In reality, the material
with the high density ladder system probably contains
the topological mid gap states. Then, the transition via
the mid gap states occur22, and the transition probabil-
ity will be enhanced for this region compared with our
calculation results.
The transition point φ0 = arccos
w
t
is simply deter-
mined by parameters of the band structure, and it does
not depend on the spring constant. In addition, φ0 will
be controlled by the pressure24; w is tuned by varying
the length between the two wires. Then, we can control
the current by a slight change of the magnetic field since
the tunneling probability is sensitive in the vicinity of φ.
Therefore, this phenomenon will be expected to various
application in semiconductors physics.
Appendix A: Effective Hamiltonian of the ladder
model
The Hamiltonian of the ladder model with the distor-
tion (a, b, c) H0 +Hi is represented as
Hk =
(
h1 V
†
V h2
)
, (A1)
where
h1 =
(
t cos k cosφ+ w sin k sinφ
t sin k sinφ t cos k cosφ− w
)
, (A2)
h2 =
(−t cos k cosφ+ w −t sink sinφ
−t sink sinφ −t cosk cosφ− w
)
(A3)
and we used the unitary transformation U1 for H0 +Hi
in k-space with
U1 =
1
2


1 1 1 1
−1 −1 1 1
−1 1 −1 1
1 −1 −1 1

 . (A4)
V is given as
V =
(
i
2 (γAfy + γBfy)− cw − i2 (γAfy − γBfy)
− i2 (γAfy − γBfy) i2 (γAfy + γBfy) + cw
)
=
i
2
(γAfy + γBfy)− cwσz − i
2
(γAfy − γBfy)σx.(A5)
where fy = t sin(φ+k), and gy = t sin(φ−k). Then, V is
treated as a perturbation for small distortion. By using
the unitary transformation U
UHU † =
(
u†h1u u
†V †u†
uV u uh2u
)
, (A6)
where
U =
(
u† 0
0 u
)
(A7)
with u = cos θ2 − i sin θ2σy. For cos θ = w√w2+t2 sin2 k sin2 φ
and sin θ = t sin k sinφ√
w2+t2 sin2 k sin2 φ
, we obtain
u†h1u
= t cos k cosφ
+
(√
w2 + t2 sin2 k sin2 φ 0
0 −
√
w2 + t2 sin2 k sin2 φ)
)
,
uh2u
†
= −t cosk cosφ
+
(√
w2 + t2 sin2 k sin2 φ 0
0 −
√
w2 + t2 sin2 k sin2 φ)
)
,
(A8)
and the hybridization has the form
u2V u2
=
i
2
(γAfy + γBfy)(cos θ − i sin θσy)
+
( −cw − i2 (γAfy − γBfy)
− i2 (γAfy − γBfy) cw
)
(A9)
The offdiagonal element gives the gap of the effective
Hamiltonian:
[u2V u2]1,2
= − it
2
(γA + γB)(cos k sinφ+ sink cosφ sin θ)
− it
2
(γA − γB)(sin k cosφ+ cosk sinφ sin θ)(A10)
Appendix B: Calculation for the instanton action in
the large magnetic field
In the large magnetic field, we have
iS =
2
F
∫ y0
0
dyEiy
=
2
F
sinh y0 cosφ− 2
F
∫ y0
0
dy
√
w2 − t2 sin2 φ sinh2 y.
(B1)
Then, by putting
√
1− ρ2 sinh2 y = sinλ (λ ∈ [0, pi2 ]),
we have y = arcsinh cosλ
ρ
, and the second term is given
7as
2w
F
∫ y0
0
dy sinλ(y)
=
2w
F
y0 sinλ0 − 2w
F
∫ y0
0
dy
dλ
dy
y cosλ(y)
=
2w
F
y0 sinλ0 − 2w
F
sinλ0arcsinh
cosλ0
ρ
+
2w
Fρ
∫ pi
2
λ0
dλ
sin2 λ√
1 +
(
cosλ
ρ
)2 , (B2)
with sinλ0 =
√
1− ρ2 sinh2 y0 and ρ = t sinφw . The above
two first terms cancel each other, and we have
2w
F
∫ y0
0
dy
√
1− ρ2 sinh2 y
=
2w
√
ρ2 + 1
F
×
∫ pi
2
λ0
dλ

 1√
1− 1
ρ2+1 sin
2 λ
−
√
1− 1
ρ2 + 1
sin2 λ

 .
(B3)
This is expressed as
2w
F
∫ y0
0
dy
√
1− ρ2 sinh2 y
=
2w
√
ρ2 + 1
F
[
F
(
pi
2
,
√
1
ρ2 + 1
)
− F
(
λ0,
√
1
ρ2 + 1
)]
−2w
√
ρ2 + 1
F
[
E
(
pi
2
,
√
1
ρ2 + 1
)
− E
(
λ0,
√
1
ρ2 + 1
)]
(B4)
where
F (a,Q) ≡
∫ a
0
dλ
1√
1−Q2 sin2 λ
, (B5)
E (a,Q) ≡
∫ a
0
dλ
√
1−Q2 sin2 λ. (B6)
By using y0 = arcsinh
√(
w
t
)2 − cos2 φ, we have
sinλ0 = cosφ
√
1 +
(
t sinφ
w
)2
iS =
2t
F
∫ y0
0
dyEiy
=
2
F
∫ y0
0
dy
(
− cosh y cosφ+
√
w2 − t2 sin2 φ sinh2 y
)
=
2t cosφ
F
√(w
t
)2
− cos2 φ
−2w
√
ρ2 + 1
F
×
∫ pi
2
λ0
dλ∂λ
[
F
(
λ,
√
1
ρ2 + 1
)
+ E
(
λ,
√
1
ρ2 + 1
)]
.
(B7)
For iS1, we have
iS1 = −2w
F
∫ y˜0
0
dy
√
1− ρ2φ sinh2 y
= −2w
√
ρ2 + 1
F
[
F
(
pi
2
,
√
1
ρ2 + 1
)
− E
(
pi
2
,
√
1
ρ2 + 1
)]
,
(B8)
with y˜0 = arcsinh
1
ρ
. Then, we have
iS − iS1
=
2t cosφ
F
√(w
t
)2
− cos2 φ
+
2w
√
ρ2 + 1
F
[
F
(
λ0,
√
1
ρ2 + 1
)
− E
(
λ0,
√
1
ρ2 + 1
)]
(B9)
Appendix C: Transition probability without virtual
scattering at k = 0(pi)
We consider the transition on k = 0(pi) with the energy
difference E+k0 − E−k0 = 2w in the large φ region. The
action of the transition is given as
iS1
= −2w
√
ρ2 + 1
F
[
F
(
pi
2
,
√
1
ρ2 + 1
)
− E
(
pi
2
,
√
1
ρ2 + 1
)]
.
(C1)
iS1 ≤ iS, and at φ = pi2 we have iS1 = iS. In Fig.5, we
show the calculation results of iS1 − iS as a function of
φ for w = 0.2(a) and w = 0.8(b) at F = 0.01. Since the
transition probability is given by P1 ∼ e2iS1 , when φ is
close to pi2 , the transition should be taken into account.
8φ/pi
0.2 0.3 0.4 0.5
20
40
60
1
2
0.50.480.46
φ/pi
iS1-iS iS1-iS(a) (b)
FIG. 5: Plot of iS1−iS as a function of φ(≥ φ0) for w = 0.2(a)
and w = 0.8(b) at F = 0.01. iS1 − iS ≥ 0 decreases by the
increase of φ. iS1 is much larger than iS in a wide range of φ,
and the transition probability by the contribution from iS1 is
very small.
∗ Electronic address: ryuji.takahashi@riken.jp
1 Thierry Giamarchi, Quantum Physics in One Dimension
(International Series of Monographs on Physics) .
2 S. Iijima, Nature (London) 354 (1991).
3 T. Ishiguro, K. Yamaji, and G. Saito, Organic Supercon-
ductors,2nd ed. (Springer, Berlin, 1998).
4 D. Jerome, Chem. Rev. 104, 5565 (2004).
5 R. E. Peierls, Quantum Theory of Solids, Oxford, (1955).
6 W. P. Su, J. R. Schrieffer, and A. J. Heeger, Phys. Rev.
Lett. 42, 1698 (1979).
7 W. P. Su, J. R. Schrieffer, and A. J. Heeger, Phys. Rev. B
22, 2099 (1980).
8 S. T. Carr, Boris N. Narozhny and A. A. Nersesyan Phys.
Rev. B 73, 195114 (2006).
9 R. Takahashi, N. Sugimoto, Phys. Rev. B 95, 224302
(2017).
10 R. Takahashi, N. Sugimoto, J. Phys. Soc. Jpn. 87, 104701
(2018).
11 L. D. Landau, Phys. Z. Sowjetunion, 2 , 46 (1932).
12 L. D. Landau and E. M. Lifshitz, in Quantum Mechanics:
Nonrelativistic Theory, (Pergamon, New York, 1977)
13 C. Zener, Proc. R. Soc. London, Ser. A 137 , 696 (1932).
14 R. H. McKenzie and J. W. Wilkins, Phys. Rev. Lett. 69,
1085 (1992).
15 A. Asamitsu, Y. Tomioka, H. Kuwahara, and Y. Tokura,
Nature( London )388, 50 (1997).
16 K. Miyano, T. Tanaka, Y. Tomioka, and Y. Tokura, Phys.
Rev. Lett. 78, 4257 (1997).
17 S. Tang and J. E. Hirsch, Phys. Rev. B 37, 9546 (1988).
18 A. P. Schnyder, S. Ryu, A. Furusaki, A. W. W. Ludwig,
Phys. Rev. B 78, 195125 (2008)
19 S. Ryu and Y. Hatsugai, Phys. Rev. Lett. 89, 077002
(2002).
20 R. Takahashi and S. Murakami, Phys. Rev. B 88, 235303
(2013).
21 C. Li, S. Lin, G. Zhang, Z. Song, Phys. Rev. B 96, 125418
(2017).
22 N. Sugimoto, S. Onoda, N. Nagaosa, Phys. Rev. B 78,
155104 (2008 ).
23 James C. W. Chien Polyacetylene: Chemistry, Physics,
and Material Science (Academic Press 2012).
24 R. M. Ribeiro, V. M. Pereira, N. M. R. Peres, P. R. Brid-
don, and A. H. C. Neto, New J. Phys. 11, 115002 (2009).
